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OBJECTIVES ' .

NOTES FOR TEACHERS

¥ . - . -

AND CONTENTS: I. In this unit Wwe want to introduce-childreﬂ to some

A.

elementary intuitive ideas in topology.
: ‘ o ~
N ’ - - /
v In topology, we can bend and stretch‘bodies with=

out tearing, cutting or Jolnlng and observe the features

which do not”change.' These we cons1der as the invariant
.

propertles. As we bend and stretch bo@ies, we say that.

H o

the bodies are undergolng "elastlc.motlon" ..
II. This unit is designed for thldren as young as three

* years old and may be used up to the.intermediate grades.:.

. ‘ It is desirable to start from stage I with each
M ) -

group, unless work from this unit was done with previous ¢ ™

© 3gs groups. . ° ’

Y

~

Topological Equivalence of Solids

‘o

(a) Using two balls of silly putty, we ‘%ake one ball and bend it and

stretch it, without boring holes ‘in it, and compare it with the “:'
o

other ball and observe the-features-of the two balls Whlch remain

-

<

the same. Thls exercise will give us the equlvalence of ‘two

~ ..
.

_ solids.under "elastlc motion' or we may say the topologlcal

c

equivalence of'two solids, without holes,




]

B.

~(b)

@)

"

@

Using two ﬁ;epes of silly putty - ?ach with one hoie, we take .one

and ben&/;nd stretch it without filling in the hole, and

’ J | R

piece

fx

comp7£; it with the other piece and observe the features, which

nemgin unchanged. This exercise will give us the equivalence

of tiWo solids with one hole under elastic motion. B

’

The same is- then done with objEEtsAwgth 2,3,u,etc., holes.

*

»

proiogical Equivalence of Sheets : v

: i ) T em—
(a) Usin&,two sheets of soft paper or silly putty, we take ‘one and

bend it and stretch it and make an objécf} e.g. a plate, a

' cup,| @ bowl, etc., and éompare'the,results.with'the other sheet™

and pbserve the features, which remain unchanged under the K
. e ) . <. S ""u ks

Melagtic motion%.

poologicgl'Equivalence of "Lines" and Nets-
(a2) Using two single strips of soft wire weltaké one and bend~it

- . : -
- without joining the ends-and observe the .features which

,

a

‘remain the same as in ‘the other strip.
& . y .
Using smaJJ[balls made from silly putty afid pieces 6§ wire,

“ 13 »

we Qﬁie two open nets, each with thred balls, and two pieces
Fa’ . ® . ' . - .
of wire : ' : Co b
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o  We then take one of the nets, say (1) and- bénd and stretch the
& S . ' 7
: ’ " two w1res and %hen compare it wlth the other net  (ii). and observe
o ) o o : A
° ‘ v ‘ . .
. uthe‘f"eaturesv which_remain:unchange&a ) * o L
. - ' R (R -3
2 v t . . ) . o .. »
\ We then make nets with six balls and compare for unchanged
. L . : o L ot ; o . : - L \'\j
. features, : : o oo /
L ) .
. ; (1) )
. S
; o N u
; 9 : -
. v '
© ;&: = % . ‘;‘3 ‘ (F { ) . - ; .‘ ‘ o . *
. % i e { wl ) T \\ ’
R ’ ¥ A : o S } . - s
(e) . We now take two‘pleces pf w1re anq,w1th each We make(ag' . N
. o o [ ‘ / o
Z , 5 / P
L. ed re s ,
» . a : . Clos flgll - ‘ ’ l/ o v N l. \
: J i“ 1 a a ® : ® ' t
R Lo (1) ' [ (i) ' . .
| . . o ‘| i .
N e ' \ (I .
& ' © Lo .
. . £ \
/ . - q;- .
;n ‘ v»‘.“.‘ .Q 3 ‘ - ' ) , o * “
> ‘ We compare (1) and (ii) £ar invariant features.
(d) We now consLder "1ns1dé” -ahd "outs1de" clos®d flgures; We . ., .
. . -ff.’.',
. : do this by plac1ng an obje_t "inside" a flggre and asklng
“ay { * -
L N where is it, "inside" or "o%ts1de"? “Similarly we place!
i an object outside a figure and'ask where, is it, "inside - - |
/ ’ . \ o . o «» . M
" . or "outhide'? ‘ . : " - ’ . . ~ . )
R . . 'S . i : - _ .
W - . - - b
. T [" .
: ! . ) v .- ]
O - - : : . B o
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(e)  We now glve a set of closed and open flgures and ask children °

N .
\

to group, them.

s |

.’) : . \ . LN .
D. ~Ord&r of Things on a\String After Bending e .

[ ' Here we want to show the idea that points on a| line are in the ' same'
. ' o - ’ . : ‘\l"
) order after bending, that is, one of the invar%ant properties of a

. o - . i L

’

-t

" body undergoing a tqpological transformation ig that the-reiative

,:> points aré in the same order. : o .
bgnhPPARATUS. iPleces of soft w1re, clay, sheets of soft paper beads, "oharm
A bracelehs", pleces‘%f strlng,jrubberAbands,lob]ects to place
. : i:on s%ring:ge.g.‘shapes’made:from cardboard: triangie! circle
: & ,°‘V;th, fruit, etc. _‘».:'; o . ': - y

¢ « §

PROCEDURE: In this unit we aresﬁorking§nith children at a very early
N - . ° , . 7 . . o -~ - N ~ s

2 " age and ‘with ohiidren‘who have no previous experience with
. i
| \

‘these ideas. We therefore recommend the follow1ng stages of

deVelopment,be 1ncluded_1n your lessons. We illustrate the

.

vl stages with the content area discussed .above. i
.‘ . - P o J/ -
A. Tgpologlcal Egnlvalence of SOlldS _ . o c oy
. . - ¢ ? o %‘ ) - R . ;f“ﬁ “Q . '|
T Stage I. ‘Let-children use concrete material to make things as e
. - ) . , ’ ) ‘\
\\\\\\< glven 1n the content and get verbal responses from them. .

b

For (A) Topoioglcal Equlvalence of So%;ds, give chlldren two

'\Y

witho borin rhol S, & //
(a) ut.boring e? : /

"(b) by boring‘one hOle'in-each .llrof~silly putty
(c) 'by borlng two holes in eagch ball of s1lly putty

(d) by borlng three holes in each ball of s1lly putty s

(e) by boring four holes ;n each ball of s1lly putty B -

&

",
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‘Stage II. If'chiidre ddxnot_understand, then_demonstrate.as_folldne{

~ " Here we have“two ba;le'of clay. I can take one‘andhmake a reli,
aibiscuit, etc. ﬁ&ywnetice I did not_bere.any heles in’the clay.
& 7 3‘.-vNon you can maké semething.‘ | e o .

S ' £

Stage III. If childnen still®havé éiffigulties then give them

v ' pictures of things'they7can'make. ..

-

° -~
.

* Example:

. / . 0 N . . . i .,

Stage IV. Ask qubstlons to’ d&scover invariants. ehg,

(1) what changed in the ball of 31lly putty° R

(ii) what did not\change? . o _ -

’

é%;hggested Act1v14y o : . N

For each group of objects, objects w1thout holes, ObjeCtS with’

o

one hole, etc., use an object to help the chlldren‘see the,contrastu .
For examples (1) for objects with no holes, take a roll from the bakery

-

o ' and ask how it is dlfferent from a doughnut. "What must we do to this

kY | roli to make it look like a doughnut?" (2 Contrast a cup and another

_ 8+ cup with.a hole in it. ' How are they. different?™ (3) To/gontrast an
ey [ - ‘ - i : ’ . .




¥ , ' '
’ 6"
" -object with‘fﬁo holes ﬁith an object With one-hble, you might use ° %
. . Ut . N ‘ - .q »
NL. " a bitton with two holes gnd another buttén with one of the holes
. . blocked. (&) 1Ia thg next group of objects, you highf”contrésf,. L o
P | : ) \ : ‘. . Co 3
a face mask'with threecholes to a.mask which has ¢ne of the thfee .. ’
‘ D M . v . ..‘ ) . X B R ° .
by ' ' holes blocked. ' Asking always, gVhow,a_re they different?* . ’
. ' Stage V, :Design test~using'pictures_to discover tbpologicalu
'équival§ncg of ocbjects. * - B . L S e
rfxamgle 1. S CE e ) ..
e::r’// ' .Cross out the things.youmcan make with a-ball of clay, -
T ' o i . ~‘;
Mg ,without boring holes. o _ .o L o ‘
6‘ . “ - =~ . . ’ ' ‘
v - - ”‘i‘ \
.\‘J’\ ‘
»
p B
- '
- Example 2. . o - oL " . .
Cross out the objects wé%p two holes. S, . BT
. / . . ° I




U - A RO
.o ) y | 5
- . N \ N - .vi . ) ] -\ - . . . l
. .}' N . « . (3 v,/ 7
.oy b .
: . Bxamgle 3. : . A C o . '
out the.objects with three. holes. . ) . R ’
g e - Example 4. . I ' : . .
PR _ . A A , . :
' Cross out the objects with four holes. ' '
o i . "_' . - ," — . - L ‘ - : — u — —— 1 .,,
% - ' D : J ‘
N R ’z:i 1 Jg[. s
- | h @ Q
1 ? " Conclusion
(1o For this section %e want to COncludé that: .
t . (1) °All objects without holes are topologically equivalent. ‘
Lo . (2)  All cbjects with one hole are topologically equivalent. f
f - \" (3) All objects with two holes are topologically equivalent,
(4) All objects with thret holes are topologicalln equivalent.
' 6121" . (5) All gbjects wPth four holes are topologically éqdivalentﬂ '
B. Topological Equivalence of Sheets
P . . ’stage I. Let children use soft papgr or a flat piece of silly putty,..~*
-l s PO LN " . e -7 .
F . and make things with it without b?ping holes or without joining
'6 . . , ‘ . T :
’ the ends of-the.silly putty. - !
s ‘Stage II. If childrenido not understand, then demonstrate as follows:
:', . q’ . . Ca ’ ' . o
. T (8 ,
- £
) 5 ’ V r e T, T




'."--_. <L “ «- L \

«"- ! L
: . 2

i, - . : Je

Lf émake a”plate, ! bowl, "a saucep, a hat, etc. - Now you make some:

s );'1‘: . , - . v . Y ‘ . - -

thlngs with your 5111y puttﬁ‘ : S

Stage III. If. children still have dlfflcultles, then glve them "
L

; pictgres'bﬁ th;ngS'they ‘can make. <

Example: - * . AR g L. ‘ - ;

“
.

Stage IV. Ask questiong to discover invariants =
. ;‘ . » ‘ .

L (i) What changed in. the ball of silly putty?

v (ii) What did not change in the ball of silly éutty? S
: "'f ' . S
Sugpested Activities: .. ’

)
'

o

K\EXAMPLES: (i) To -illustrate. the difference between,aJSheet and a’

° ' sheet w1th a hole 1n 1t use the example of a sheet .on

a bed .and a sheet with a hole also bp the bed. Ask, "What

~

» is the dlfference? "Do hpthﬁs eets cover the bed completely?" -

# N e : (2) After a sheet of elay'has been molded into a bowl,
i . b - e ’ ' . v
: ,contrast a bowl and a bowl with a hole in it. How are' they
' . . f . . . ) . ) . v . -..
] . different? (Perhaps a student will say, one will hold water, .
SRR .o the other will not.) RS A : - |
. - \ : . , ) ' - - ) o

K‘J’io




Q
"
. .
3 -
Y,
s
,
' .
N
.
P
¥
o
‘.A;‘
.
T
.
\
*
*

ERIC

Aruntoxt provided by Eic:

a : £-Y R
. . ] - 4 H - , . .
., N . ' e
- = " R s . -
N ' B ‘ o ° 6 + 4 ‘4
N % * - N :¢ 9 . ;
s . ; . ! ) s v ’
. . B Y . - i N
* " .o ) . v L
. 5 N o . . 3 . a2 * e ’ N . . *
Stage V. Design test using pictlres to' discover toépological . o
. . 2 . g . . "
_equivalence of sheets. L - . . R
. . .o, i s ., .
- v . L . . o ] ¥ s ~ -
EXAMPLE:* : . ‘ . S , - .
. s 9 [ .
. Pick out the things you can make with a flat piece of. clay or a - o
P ~ . . . . -
. e ‘
{
..‘0 " N i
. t
. el
“ ’
. /
\‘\ .
. . \.\\
. \\;
A
s N °
. .
4 =
4
‘ -
i ! !
' : o
- - /\_‘ 4 .
o
s b 1 :
PR ; /
. 1
A -
o~ . : _
’ ' el .
- o : "¢
o R -
~ ¥ , ) .
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’ N ’ "‘( o -
’ . S :
. » v . N L]
W - SR .
- . ' ’ ~ /
. ' v // -
! T /
. e ‘ ) i . . 1_ ) . /,,, . . ) v . R //.
. ' C. Topelogical Equivalence of "Lines" and Nets. - .
‘ oo (1) Slngle strip of wire . B . e
3 o - w “d A} ) S ¢ - ’
Stage I. Let children use pleces of soft wire to make things.
withput joining or cuttlng the w;pes.
’h€ ' : Using a 31ngle plece of w1re, make several thlngs by
; | - bendlng 1t@ B o : ..
| , . Stage II if chlldren do not understand then ?e%onstrate as
o . follaws- ' ‘
: o '5‘ Here w1th this plece of w1re, I can make some thlngs
0 : SN by bendlng it. For example: from /”“\f,_—mf' I-
) S .. * . ian make, o ’ o :. o
‘/ | - . ‘ 4 . - o .) . ‘v - V »j -
- " . ) Stage III. If children still have difficulty then give them
. 3 -
_ . plctures ‘of thlngs they can make, e.g.’ ’ ’
e,
! ° \/\ \_-* J /\_) : ) (
‘a v . g N T Z \/ ’/,' .
. / B - . 3
. '~ Stage IV. Ask questidns: to discover in&ariaaf/n
. .Q\\ (i) What changéd in tRe wire? )
(ii) What remained unchanged in the wire? . >
N g . - - ca
' > . ™ E 8" \()
’ , o ’ lﬁu v
: . Y ,
", T A . .
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/ | + 11
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L . oo v )
oo s ‘r ’ ° <
(1) Bending Wires with one junc-‘t:ion t _ B T - .
\ . * L L’
Using the figures below go through stages I to V as above, -
- (then see Sugggsted Acthl.tleS, p. 3) . - )
¢ .
N f.
r ) »a;
< ’ ST .
‘. -~ . o _—
‘- A - } N l/_‘ / Ly
Il
o LI e ! - .
(iii) Bending wires with two junctions R . . o
. . PR 7 _ R ‘ v - Y
Using the figures below go threough stages I§¢o V as abave .- :
= . .
. .
. .
14
. i \h“
Rl ) *
-~ B
¥ » @ ~
e . . PR
. e -
-~ . . . - ' .- » - ’ ‘ ) s . .
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~ Suggested Exercises: .

° ‘

a8 "

U sk

£ ) [

. - N H W
, : o o .
.- v 4 2,  Lets' gi%¥e each ball a name: \

’

j ., Fig. 1

| -
® D
.3 * - How many enlls of strihg\are
e @
»3.- Make a chart %o show:’

are they the saﬁe?'

~Are they tlie same?

- & ’

]

.
o

) ?‘v
there in

AT
2

s

FIG. L

» e
N .
\ .
~
u
°
-
»
d
-

Fig. 2

o ' ~ , Ask: How many-ends of string are there in Fig. 1 at A?
. ! ; K @ B . B?
oL

e

Fig. 2 at A?
B?
w\‘ c?

NUMBER OF STRING ENDS
FIG, 2

Tl 1

*
/
‘12
/
o
%
., )
N
e
’
o » -
O
! P ‘
’
. - G"\_.
«
.
_ @Ai
o,




~ How manyballs have the number 1 or 3? . . b N
) . 4, Other ‘examples, same question as 1, 2. It , . )
B - - -
] v
. - 7
X N e
’ . 4
kA * 1 \ : ‘ \/‘ M *
/ ) - N L
R

: S ' -/ ; .

N A - .
T i ‘ .

" 5. Make éféhapt to show: &1 ; - E s .
f LT o & ‘ |
| L I +NUMBER OF STRING ENDS . I
I : : , A . 1 ', 1 . Coe ‘_ _;
- " ‘. . \v, é | |
1
1

-

B
Lo . , (L
SN ' . T D b '
‘ - ’ . ' J : ﬂ%‘«“ﬁ g ' '

“How' many balls have thelnumbesg 1 orﬂﬁ?ﬁg“" e
TR

6. Other examples, same as question 1, 2. R
2> : ~ c:i;&r_;\ : ' .

.-
- -

> Ty v

-

L4
‘
[ 4
@
&
N

3
r -
L -
3
4
3
A
| k3




7.

To contré§§~w£¥es with one junction with wires that'have'twp junctions, *

' — ¥ .
v i R . J,’—#
*.\\,
- :> \
fary X a
Make a chart to show : s .
' NUMBER OF STRING ENDS oo
BALL M . )
Fige 5. Fig. 6 .
= e N 3
‘g - 1 ) J
3 .3 -
. g, -1 R | P -
° R * 1 R
E 3 3
F. o1 \l _
How many balls have the numger 1l or 32 - 7 o T
Take your pehcil and try to trace all the lines without llftlng
' . ~
your‘genc1l or going over any part twice., - L‘ o l
Y ' , g e T

’In whlch flgures can you do thls? e ?? S '
.What dolyou notlce fr$m the charts about the number of (pdd) o
-%ertiges with 1 or 3 and being able to trace? . ‘ . AN

o : Vo e o T e TN . ) '

b ; i A B

. ; J e 5

and variations of these two 31tuatlons, you mlght\gsf\?P'the example t,"

,of'children pulling on ropes .

-

(each Chlld to oné end of the rope)

A}




.I;i‘g. 4

' Ask in each case, "How many children can pull on' the roP‘is??* To

; answer, how are. they the samé? v ‘(‘ \
- . :’ ) < - 4 : a N .
. ;: om0 Ask the same questlon, contrastlng Fig. 2, Flg =9 gnd F%g .

"How are they dlfferent?" o . - - .
’ ’ [ .. : o e ' ) 4}
.Stage_ V.‘ De31gn test to dlscover t0polog1cal e&ulvalence ofs lJ.nes.

~ Conclusion: N L e : T . o
iy N - \ = vt R St 'Z‘ . ' & -

. N . , &L . ) 9. . o, .
“ . ) } . He're- we-want to. conclude that: o I ‘_* : , . e,
v (ah All thlngs Wlth s;.ngle w1res w1thout ]om:l.ng are topologlcally
5 - Ce e N . . . . )
A _equivalent. ° Voo Y
Cove : N~ B . ’ i .

- (b) All thlngs w1th one, ]unctlon and the sam‘sr number of w1res are
ST topologlcally equlvalent. s

% - : . ,
e (c) All thlngs with two ]unctlons and the same number of wires at

[=]
‘l N
5

each junction are topologlcfally eun,.valent.

L] o o

(d).‘ All nets with ‘more than two odd ve%tlces can not .be.tpaced”

o .

- ,_,._w:.thou't llftlng your pencll or. going over some part tw1ce.

D. Open. and Closed Flgures

2 v ’

” ' » .
- . Stage I. .Giye chlldren closed rubber bands and ask them to bend “them,
' tw1st them,‘ angﬁ make different shapes.

¢ -7 - Stage II. If children do not ‘understand, then demonstrate. .~

. Stage III. If) children still have dlfflculties, then give rthem T / <
pictures of thlngs they ‘can make. :




&

. stage IV. Ask questions %?'d'iscover in\}aniants. .
. () What changed in the rubber ring? , C s

.L

S R (,;:':i) What d1d not change in the r'ubbelm r"lng?

Suggestegl Act.1v1ty; - ' - . E e o »
p SR ] e o . ‘

' S TR (- he p contr%st open and closed flgures, use the example qf dmvmg
LT S around (or, tracing, around) othe.figure. Help the children to see that

/ :‘.,,"i B c.we can "go all the Jray arounﬁh to where we“started from" 1n a closed

flgure, but that 1s 1mposs1ble in an open- fr.gure., o 2
4

. " 2 _To contrast further the’ concept of open and closed. f:\.gures, use © o
e, studen'”ts and’ xaope.’ Us1ng a closed rope fn.gure about a student, n ) L
R S " ask the class, "°How can he get out?" or "How can anothep student : ' °e
' ‘ L get ,~1n’?" and varlatlons of thrs. S o : .. R
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St.age_aV. Des:.gn test. qs1ng ps.ctures to d1scover topologlcal equlvalence

" g - of ijeCtS. @1Ve examples with open .and” closed ‘flgur'es.l .o R
. * . . . -
’ E , A Example I. Cross out tﬁ@ thlngs you can make with a rubber . °
- 0
' ¢ ring without! eutting 1t @ . A .
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: . EXAMPLE III. If the doll is inside the ring, how could it get out?
A ‘9 . . o L
o ‘ 6f%‘h- - It will havé to jump over the fence. , Now say in which

e . of the following will the doll have to jump over the a
5, - - fence to get out, . P o
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. Conclusion R . . ° o ‘
2, . ) - » 4
K, We want to conclude here that: . ,
. — ) N P L .
; 'I. ) " N . . 'v . /‘_'x-. . ' "
¢ (a)’. All open figurés are topplogically - equivalent. .
. R ’ > C < . ’ . ’ ‘
¢ (b) To get from "outside" tg "inside" a figure and vice versa, v
- a boundary must be crossed.y '*&\ IS ‘
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Order of Things'onva Stirng After Bending e S
Stage I. G@vé children: open strings with two or four oﬁjeéts tied
along the string. . K

Cw
-

Provide children with strings and objecés,’and asl them
R . . o q 3 _ "

“to, put. objects on string in-the same order. - /( .
ﬁétage i1, If.théy cannot pgpférm ﬁhe taék then Qemonstnate'an examplé~

e : * | to them and then &t %Bém follow and do the given tasks.

Sy

V' Stage III. If théy cannot pefform stage II, then»giVe'them;objec's
. and pigtures and demonstrate. Then- ask them to perfgrm

"iasks. ) , s Y :
_ -Stage Iv. If stage'II is successful; then give them pictures and let
o~ ) : S : r - '
4 , D\\\;:em perform tdsks by -using pictures. Here no demonstration
. 3 éiven. ! '
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-Stage V. Design exercises to dlscovﬁr order. . \\ o

EXAMPLES : ' s o

e ' Here we have some things on a wire
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v \ Now with the wires given below put®on the things which are missing. ’. . _ ;o
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Conclusion N . o ,
o - e ’ . ’ « , . - o ..
Here We want to conclude that points on a line are in the same order.
¢ : k o : .

. after undergoing a topologlcaT transformdiion, e.g. bendlng. J7
f .

- Suggested DbJects: Tomato, biscult. potato, doughnut ring, earring, ) §
eye glass frames ‘binoculars, electric socket plate, Swiss\cheese L”“w”g,lf; ‘{Q'§
o ; .'n °."\ e
(Withrholes), notebook paper, mask hinge, button (with holes) bowlw A
v, derby hat, big string 'for felt board “with objects attached o 15
s . ~.. . i » )f ~e0
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Children s Kit _ - . . : o ' . oo )
i Four ounces of plastic clay (or plasﬁlcine) : | . -f‘j K-
o : B Ten colored beads~ .~ . \\\
;Six@pieces offsoft wire (or toy pipe cleaners)~—,each‘ab6ut'4¥?'inches long.
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